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Abstract 

We show that every Banach space X containing an isomorphic copy 
of Co has an infinite equilateral set and also that if X has a bounded 
biorthogonal system of size a then it can be renormed so as to admit 
an equilateral set of equal size. If K is any compact non metrizable 
space, then under a certain combinatorial condition on K the Banach 
space C{K) has an uncountable equilateral set. 



Introduction 

A subset S of a metric space (M, d) is said to be equilateral if there is 
a A > such that for x,y G S,x y we have d{x, y) = A; we also call 
S a A-equilateral set. Equilateral sets have been studied mainly in finite 
dimensional spaces (see [T0].[T^.|15j.[T6]). 

Our aim in this paper will be the study of equilateral sets in infinite 
dimensions. The paper is divided into two sections. In the first one we 
prove that each Banach space containing an isomorphic copy of cq admits 
an infinite equilateral set (Th.l). Then we introduce a notion of antipodal 
sets (Defs. 1 and 2) which yields that a Banach space containing a bounded 
biorthogonal system of size a can be renormed so that in the new (equiva- 
lent) norm it has an equilateral set of equal size (Th.2 and Cor. 2). These 
results generalize results of Petty [10] and Swanepoel [13] , |15) . 

In the second section we focus on Banach spaces of the form C{K), 
where K is a compact non metrizable space. We then show that under a 
rather mild combinatorial condition on K, which is the existence of a so 
called linked family of closed pairs in K (a concept introduced in the present 
paper in Def.3) the space C{K) contains an uncountable equilateral set 
(Th.4). Although we do not know if any compact non metrizable space K 
has an uncountable linked family of closed pairs, it is consistent with ZFC 
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to assume that C{K) can be renormed so as to contain in the new norm an 
uncountable equilateral set (Remarks 7). 

If X is any (real) Banach space then Bx,Bx* denote the closed unit 
balls of X and X* respectively. If K is any compact Hausdorff space then 
C{K) is the Banach space of all continuous real functions on K endowed 
with the supremum norm || • ||oo- By the term topological space we mean a 
Hausdorff and completely regular topological space. 

Banach spaces containing cq — Antipodal sets in in- 
finite dimensions 

The main open question concerning equilateral sets in infinite dimensional 
Banach spaces is the following: 

Qi : Does there exist an infinite equilateral set in any infinite dimen- 
sional Banach space? 

K.J.Swanepoel has proved that each infinite dimensional Banach space 
may be renormed so that it contains an infinite equilateral set and also that 
if the space is uniformly convexifiable then we may choose the new norm to 
be arbitrarily close to the original norm (see |14j.|15j). 
First we modify the above question in a more modest way as follows: 

Q2 : Let (X, II • II) be an infinite dimensional Banach space and e > 0. 
Does there exist an infinite dimensional subspace Y of X and an equivalent 
norm 1 1 1 - 1 1 1 on Y with Banach Mazur distance at most 1 + e from the original 
norm and such that (y, ||| • |||) admits an infinite equilateral set? 

Our first result (an easy combination of known results) says that the 
answer to Q2 is positive whenever the Banach space X contains some classical 
Banach space. 

Proposition 1. Let X be a Banach space containing a closed subspace Y 
isomorphic to some ip (1 < p < 00) or cq. Then for every e > there exists 
a closed subspace Z of Y (isomorphic to Y) and an equivalent norm \ \\ ■ \ \\ 
on Z such that 

1. (i((Z,||.||),(Z,|||.|||))<l + e 

2. {Z,\\\ - III) admits an infinite equilateral set. 

Proof. Assume first that Y = for some p G (1, 00). Then the space Y is 
super reflexive and hence the conclusion follows from the result of Swanepoel 
mentioned above, by letting Z = Y . 

Now assume that Y = cq 01 ii. Then the conclusion follows from the 
classical non distortion property which both of these spaces have ([9], Prop. 
2.e.3). Roughly speaking, if a Banach space contains ii (or cq) then it 
contains very good copies of the same space. 



2 



Let for instance Y = ii. Denote by || • || the norm of X. Then for every 
e > there is a normalized sequence (?/„) in (y, || • ||) such that for every 
sequence of scalars {an) we have 



oo oo 



n=l n=l n=l 

Set Z = < Un > (i-e. the cfosed hnear span of {y„ : n £ N} in Y) and 
for y = X]r=i '^nVn G Z, set |||y||| = X]r=i l^^^l- Clearly the space (Z, ||| • |||) 
is isometric to £i and d{{Z, \\ ■ ||), {Z, ||| • |||)) < 1 + e. A similar reasoning 
holds true when Y = cq. □ 

Remarks 1 (1) The above Proposition also holds true in case when Y = 
ioo- This is so because by a result of Partington [llj and independently of 
Talagrand [12] the Banach space ioo shares a similar non distortion property 
with Co and £i. 

(2) It easily follows from the Proposition above that if a Banach space X 
contains a classical Banach space, then for every e > it contains an infinite 
e-almost equilateral set; that is a set S such that 1 — e < — y|| < 1 + e, 
for x,y £ S, X ^ y. 

The answer to Qi is positive in the special case when the Banach space 
X contains an isomorphic copy of cq. 

Theorem 1. Every Banach space X containing an isomorphic copy of cq 
admits an infinite equilateral set. 

Proof. We shall use the non-distortion property of cq and the following Claim 
which is a generalization of Theorem B of [16] with similar proof. 

Claim . Let || • || be an equivalent norm on cq with Banach-Mazur distance 
at most I from the original norm || • \\oo of cq- Then (cq, || • ||) admits an 
infinite equilateral set. 

Proof of the Claim: We may assume that < ||x||oo < fll^^ll for x G cq. 
Let / = {{n,m) : n, m G N and n < m}; denote by K the compact cube 
[0,^Y. For e = {e^n,m)) ^ K we set: pi{e) = (-1,0,...) and p„(e) = 
e(2,n)) • • • ) £(n-i,n); 0, . . . ) for n > 2. Observe that for n < m we 

have 

WPnie) -Pm(e)||oo = 1 + 

We define a function (p : K ^ K hy the rule ^(n,m) = ! + ^(n,m) ~ 
\\Pn{e) - Pm(e)\\, (n,m) e I, e £ K. Note that > 1 + e(n,m) - 

\\Pn{£) -Pm(e)||oo = and <^(„,m)(e) < 1 + £(n,m) - l\\Pn{e) -Pm(e)||oo = 
^{l + e(^ri,m)) < ^, SO (/3 is Well defined. Since each coordinate function ip(_n,m) 
is continuous, ip is also continuous. Hence by a classical result of Schauder 
(p has a fixed point e' = G K; that is p{£') = e' , which implies that 
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llPn(e') — Pm{£:')\\ = 1 for n < m. Therefore the set {pni^') : n G N} is 
equilateral in (cq, || • ||) and the Claim holds. 

Denote by || • || the norm on X and let Y be a subspace of X isomorphic 
to Cq. By the non-distortion property of (cq, || ■ ||oo) there is a subspace Z of 
Y (isomorphic to cq) such that d{{Z, \\ ■ ||), (cq, || • ||oo)) < | (see also Prop.l). 
It follows immediately from the Claim that the space {Z, \\ ■ ||) admits an 
infinite equilateral set. □ 

Corollary 1. Let K he an infinite compact Hausdorff space. If \\ ■ \\ is any 

equivalent norm on the Banach space C{K) then the space {C{K), \\ ■ ||) 
admits an infinite equilateral set. 

Proof. The space {C{K), || • ||oo) contains an isomorphic (actually isometric) 
copy of Co (see also Prop. 4), so the previous Theorem can be applied. □ 

In the following definition we generalize a concept coming from finite 
dimensions to infinite dimensional spaces. 

Definition 1. Let {X, \\ ■ ||) be a normed space. A subset S of X is said 
to be antipodal if for every x,y G S with x ^ y there exists / G X* such 
that f{x) < f{y) and f{x) < f{z) < f{y)\/z G S. That is for every 
x,y £ S with x ^ y there exist closed distinct parallel support hyperplanes 
P{= {zeX: f{z) = f{x)}) and Q{= {z ^ X : f{z) = f{y)}) with x G P 
and y £ Q. 

Remarks 2 (1) If X is a finite dimensional real vector space then the concept 
of antipodality coincides with the classical one. 

(2) It is well known by a result of Danzer and Griinbaum [2] that the 
maximum cardinality of an antipodal set in is 2" and this is attained 
only if the points of the antipodal set are the vertices of an n-dimensional 
parallelotope. A typical example of such a set is the unit ball B of the 
vertices of B are the points {(ei, . . . , £«) : = il, i = 1, 2, . . . , n}. 

Let X be a Banach space. A family {{x-y, x*),'y G T} of pairs in X x X* 
is called a biorthogonal system, if x*^{xa) = Sap, where Sa/s is the Kronecker 
6, for all a, /3 G r. A family {x^ : 7 G L} in X is called a minimal system, 
if there exists a family {x* : 7 G L} in X* such that {(x^,x*),7 G F} is a 
biorthogonal system. 

Proposition 2. Every minimal system in a Banach space is antipodal. 

Proof. Let {x^ : 7 G L} be a minimal system in X, hence there exists 
{x* : 7 G r} C X* such that the family {(x^,x*),7 G F} is a biorthogonal 
system. Let 71 , 72 G F with 71 7^ 72 , then we have 

= x*^{xy,) < x*^{x^) < x;^(x^J = 1 V7 G F. 

It follows immediately that {x-y : 7 G F} is an antipodal set in X. □ 
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The following result generalizes a result of Petty with essentially the 
same proof (pO], Th.l). 



Proposition 3. Let S be an equilateral set in a normed space (X, || • ||), 
then S is antipodal. 

Proof. Let x,y £ S,x y. Suppose that S is a A-equilateral set. By the 
Hahn-Banach theorem there is an / G X* , \\f\\ = 1 such that 

f{y -x) = \\y - x|| = A > 0. 

Then /(x) < f{y) and f{y) = sup{f{z) : z G B{x,X)}. So f is a support 
functional of the ball B{x,X) through y and f{z) < f{y)yz G S. Also if 
g = —f we have 

g[x -y) = f{y -x) = \\y - x|| > 

and ll^ll = 1, so similarly g is a support functional of the ball B(y, A) through 
x and g{z) < g{x)yz G S. Hence f{x) < f{z) < f{y)yz G S and the set S 
is antipodal. □ 

Petty has also proved that if S is an antipodal set in a finite dimensional 
real vector space X, then there exists a norm || • || on X such that S is 
equilateral in {X, \\ ■ ||) (|10j. Th.2). In order to generalize this result in 
infinite dimensions we shall need a strengthening of the concept of antipodal 
set introduced in Definition 1. 

Definition 2. Let {X, || • ||) be a normed space. We call an antipodal subset 
S of X (cf. Def.l) bounded and separated, if there are positive constants 
ci , C2 and d such that 

1. ||x|| < ci,Vx G S and 

2. for every x,y € S with x ^ y there is an / G X* with ||/|| < C2, such 
that 0<d< f{y) - fix) and f{x) < f{z) < /(y) Vz G S. 

Remarks 3(1) Let S be a bounded and separated antipodal set in (X, || • ||). 
It is easy to see that if A > then S is also bounded and separated with 
constants ci,Ac2,Ad and the same is valid for the set XS = {Xx : x G 5} 
with constants Xci,C2, Xd. 

(2) It follows from the above remark that an antipodal bounded and 
separated set can be defined as a subset S of Bx satisfying the property 
that there is a constant d > such that for every x,y € S with x ^ y there 
exists / G Bx* with d< f{y)- f{x) and f{x) < f{z) < f{y) for z G 5; that 
is, we may assume that ci = C2 = 1. Given that formulation of Definition 2, 
it would be interesting to know if every infinite dimensional Banach space 
contains an infinite antipodal bounded and separated set with (ci = C2 = 1 
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and) d > 1. (A similar question can be posed for finite dimensional Banach 
spaces). We note in this connection that by a result of Elton and Odell the 
unit sphere of every infinite dimensional Banach space contains an infinite 
1 + e-separated set for some e > ([1], see also [3] and 0). 

Examples Let X be a Banach space. 

(1) Each finite antipodal set in X is bounded and separated (obvious). 

(2) Let {(x-y,x*),7 G r} be a bounded biorthogonal system in X; that 
is, there is a constant M > such that ||x^|| • ||x*|| < M for all 7 G F. 
We set y-y = -^^^ and y* = ||x^|| • x*, for 7 G T. Clearly the system 
{(2/7)2/7)17 £ r} is biorthogonal. Now it is easy to see that the minimal 
system {y^ : 7 G L} is (by Prop. 2) antipodal bounded and separated, with 
constants ci = 1,C2 = M and d = 1. 

(3) Each equilateral set S in X is bounded and separated antipodal 
set. Indeed, as it follows from the method of proof of Prop. 3, if S is A- 
equilateral then the desired constants are ci = M, C2 = 1 and d = X, where 
M = sup{\\x\\ : X £ S}. (Each equilateral set is clearly bounded). 

The following result generalizes simultaneously a result of Petty ([TO], 
Th.2) and a result of Swanepoel already mentioned in the introduction ([14j). 

Theorem 2. Let {X, || • ||) be a Banach space and S Q X be a bounded and 
separated antipodal set. Then we have: 

1. There is an equivalent norm \ \\ ■ \ \\ on X, such that S is an equilateral 
set in {X, \\\ ■ |||). 

2. If the constants of S are c\ = 1,C2 = c and d, then the Banach- 
Mazur distance between {X, || • ||) and {X, ||| • |||) satisfies the inequality 
d((X,||.||),(X,|||.|||))<2.^. 

Proof. Assume (as we may) that the constants of S are l,c and d (see Re- 
marks 3). We set 

K = conv(— ■ Bx L) {x — y : x,y G S}). 
c 

Then K is a closed (bounded), convex symmetric set with G int{K), so 
the corresponding Minkowski functional defines a norm on X 

Iklli^ = inf{X > : X G XK} 

and the unit ball of the space {X, \\ ■ \\k) is exactly the set K. For x,y G 
S,x ^ y there is an / G cBx* such that: 

d<f{y)-f{x) < ||/||||x-y|| <2c 

hence ^ • Bx C i^' C 2 • Bx so it follows that the Banach-Mazur distance of 
the two norms is < 2 • ^. 
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It suffices to show that, if x,y £ S with x / y, then x — y £ dK 
(equivalently ||x — = 1, where dK stands for the boundary of the set K) 
from which we have that S is a 1-equilateral set in {X, \\ ■ \\k)- Let x,y £ S 
with X ^ y. Then there is / S cBx* with d < f{y) — f{x) and /(x) < f{z) < 
f{y)\/z G S. For every 2:1,2:2 € 5" we have /(zi — 22) < f{y — x). Also if 
z G i'Bx, then f{z) < \ f{z)\ < ||/||||2|| < d < f{y-x), hence f is a support 
functional of the set K through the point y — x and so y — x G dK. □ 

Corollary 2. Let {(x-^,x^*) : 7 G F} he a hounded hiorthogonal system in 
the Banach space {X, \\ ■ \\), such that ||x^|| = 1 and ||x* || < c for all 7 S F. 
Then there is an equivalent norm \\ \ ■ \ \\ on X of Banach-Mazur distance at 
most 2c from the original norm, such that {x^ : 7 G F} is an equilateral set 
m (X,|||.|||). 

Proof. The set {x^ : 7 G F} is bounded and separated antipodal set with 
constants ci = 1, C2 = c and d = 1. So theorem 2 can be applied. □ 

The following result improves slightly the (Banach-Mazur distance be- 
tween the original and the new norm in the) result of Swanepoel mentioned 
above. 

Corollary 3. Let X he an infinite dimensional separable Banach space. 
Then X has an equivalent norm with Banach-Mazur distance from the orig- 
inal norm at most 2, admitting an infinite equilateral set. 

Proof. By a result of Day (Th. 1.20 in [5]) there exists a countable infinite 
Auerbach system {{xn,x^) : n G N} in X; that is, a biorthogonal system, 
such that \\xn\\ = \\x^\\ = 1 for all n G N. The constants of the minimal 
system {x„ : n G N} are ci = C2 = d = 1. So the conclusion is immediate 
from Th.2. □ 

Remarks 4 (1) A concept weaker than biorthogonality is that of semibiorthog- 
onality. Let X be a Banach space. A family {(xq,,x*) : a < wi} is said 
to be wi-semibiorthogonal, if it satisfies the following: (i) x^(xq,) = for 
a < (3 < oji, (ii) x*p{xp) = 1 for /3 < wi and (iii) x^(xq,) > for /3 < a < uji. 

If we replace condition (iii) by the stronger: (iv) < x^(xo) < 1 for all 
a,P < coi, and if the sets {xa ■ a < oji} ,{x* : a < uJi} are bounded then 
it is easy to see that {xq, : a < uJi} is a bounded, separated and antipodal 
set. If for instance the compact space K contains a closed non-G^ set, then 
the Banach space C{K) admits an wi-semibiorthogonal system of the form 
{{fa-,&ta) '■ ^ < "^ili where fa'-K^ [0, l],a < ivi are continuous functions 
and 5t is the Dirac measure at t G K (see [5] Prop. 8.7. and the next sec- 
tion of this note). The compact scattered non-metrizable space constructed 
(under CH) by Kunen is such that the Banach space C{K) admits an ui- 
semibiorthogonal system but no uncountable biorthogonal system (0, Th. 
8.8 and Th. 4.41). We also note that it is consistent with ZFC that there 
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exist nonseparable Banach spaces (of the form C{K), where K is compact) 
which admit no wi-semibiorthogonal system (see [8], [1] and [6]; see also 
Remark 7 of the next section). 

(2) It should be mentioned that there exist several interesting classes of 
nonseparable Banach spaces, such as weakly compactly generated (WCG) 
and their generalizations, that admit uncountable bounded biorthogonal sys- 
tems (actually Markushevich bases), see [S]. Finally notice that by a result 
of Todorcevic it is consistent with ZFC (under Martin's Maximum axiom) 
to assume that every nonseparable Banach space admits an uncountable 
bounded biorthogonal system (see [13] and [5], Th. 4.48 and 8.12). 

Equilateral sets in Banach spaces of the form C{K) 

In this section we investigate the existence of equilateral sets in Banach 
spaces of the form C [K) , considered with the supremum norm 1 1 * 1 1 oo i where 
K is a compact (non metrizable) space. 

Proposition 4. Let K he a compact Hausdorff space. Then the unit sphere 
Sc(K) of C{K) contains an infinite 1-equilateral set D. 

Proof. It is well known that the Banach space cq is isometrically embedded 
in C{K). (Since K is infinite and Hausdorff, there is a sequence Un,n > 1 
of disjoint, nonempty open sets in K. Take t„ S Un,n > 1 and consider 
for each n a continuous function /„ : IT — )• [0, 1] such that fnitn) = 1 and 
fniK \ Un) = {0}. The closed linear span of the sequence {/„ : n > 1} into 
C{K) is isometric to the space cq.) Since the usual basis of cq is 1-equilateral 
set, we get the conclusion. □ 

Proposition 5. Let K he a totally disconnected compact space. Then there 
exists a 1-equilateral set D with size equal to the weight w{K) of K that is 
contained in the unit sphere Sc(k) of the space C{K). 

Proof. We consider the set D of characteristic functions of open and closed 
(clopen) nonempty subsets of K. It is clear that the set D satisfies the re- 
quirements. □ 

We recall that a continuous function / : — t- [0, 1] is said to be a 
Urysohn's function, if /"^({O}) / and /"^{l}) / 0. Note that the equi- 
lateral sets in both of the above propositions consist of Urysohn's functions. 
We also note that in both cases, if we let for / E — and 

Bf = /"^({l}) then we have: 'if,g £ D with f ^ g either A/ n / or 
Ag n Bf ^ ^. We isolate this property and give the following 

Definition 3. Let S be a nonempty set. A family {Aa, Ba)a£A of pairs of 
nonempty subsets of S is said to be linked or intersecting if 
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1. Aq, Ci Bq, = ^ for each a e A and 

2. for each a,j3eA with q / /3 we have either H i?^ ^ $ oi A^nBa / 
0. 

Example Let S be a nonempty set and {Aa : a G ^} be a family of 
nonempty, pairwise different subsets of S. Then clearly the family {{Aa, S \ 
Aa) : a G .4} is linked. In particular the family {{A, S \ A) : $ ^ A ^ S} is 
linked. 

Lemma 1. Let K be a compact Hausdorff space and {Aa, Ba)aeA ^6 ^ linked 
family of closed pairs in K. Then the Banach space C{K) contains a 1- 
equilateral subset consisting of Urysohn's functions of size equal to \A\. 

Proof. Consider for each a £ A a Urysohn's function fa-K-^ [0, 1] such 
that fa/Aa = 1 and fa/Ba = 0. Then the family {fa : a G A} is as 
required. □ 

Remark 5 It is clear that we may define for each a £ A s, continuous 
function Qa K ^ [—1,1] such that Qa/Aa = 1 and Qa/Ba = — 1. Then 
the family : a G ^} is a 2-equilateral subset of Bq(^j^^ (=the closed unit 
ball of C{K)). 

Theorem 3. Let K be a compact Hausdorff space and a be an infinite 
cardinal. The following are equivalent: 

1. The space C{K) contains a 1- equilateral subset consisting of Urysohn's 
functions of size a. 

2. There is a 6> \ and a subset D of [0, 1]^ n C{K) of size a which is 
6-separated (i.e. if f,g G D with f g then \\f — g\\oo > 5). 

3. There exists a linked family of closed pairs in K of size equal to a. 

Proof. (1) (2) is obvious and (3) =^ (1) is the previous Lemma. The 
"difHcult" part is the implication (2) ^ (3). It suffices to prove the following: 

Claim . Let D C [0, 1]^ n C{K) be (5-separated with 5 > \. Then there is 
e > such that, if we set Af = /-^([O, ^ - e]),S/ = f-^{[\+e, 1]) for / G L> 
then the family {Af,Bf)f,zo is a linked family of closed pairs in K. 

Proof of the Claim: Let e G (0, ^) such that e < 6 — ^, hence e + < 6. 
Let also f,g e D with f g. We claim that either Af Ci Bg ^ $ or 
AgDBf ^ 0. Let to e K : \\f - g\\ = \f{to) - g{to)\ > S. Assume 
without loss of generality that /(to) < 9{to), thus < /(to) < 5(to) < 1 and 
5(^0) "/(to) > ^- Then we have /(to) <\ — £ and \ + £ < ^(to), equivalently 
Aff\Bg^ 0. For, suppose otherwise we would either have /(to) > \ — e or 
\+e > g{to). Assuming that /(to) > ^— ewe take 5— £ < /(to) < g{to) < 1, 
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hence g{to) — f{to) <1 — — £) = e + ^<S,a contradiction. In a similar 
way we get a contradiction if we assume that ^ + £ > g{to). The proof of 
the theorem is now complete. □ 

Remarks 6 (1) It is easy to see that the assertions of the previous theorem 
are also equivalent to the following: 4. There is 5 > 1 and a subset D of 
Bc{K) of size a which is 5-separated. Note that this theorem says that the 
existence of a 5-separated subset of Bc[k)^ with 5 > 1, of size a is equivalent 
to the existence of a A-equilateral subset of Bq^^j^^^ with A > 1, of size a 
(see also Remarks 3.2). 

(2) For a compact non metrizable space it can be shown by transfinite 
induction that there exists an uncountable subset D of Bc(^x) consisting of 
Urysohn's functions which is (5 = ^-separated. 

Proposition 6. Let K be a compact Hausdorff space and D C C{K) be an 
uncountable equilateral set. Then there exists an uncountable equilateral set 
consisting of Urysohn's functions. 

Proof. As we shall see in the course of the proof in some cases we prove the 
stronger result that K admits an uncountable linked family of closed sets. 

So let D be an uncountable equilateral subset of C{K), hence K is not 
metrizable. We note the following easily verified facts: 

(I) If D is A-equilateral for some A > and f G D, then the set Di = 
\{D-f) = {\{g-f) -.geD} is 1-equilateral with G Di\{0} C Sc(k) 
and \Di\ = \D\. 

(II) The set D2 = ^(1 + Di) = {^{f + 1) : / G £>i} is ^-equilateral with 

< / < 1 V/ G L>2 and \D2\ = \Di\ = \D\. 

We also note that V/ G D2 either minf = or maxf = 1. So we may 
assume that D is an uncountable ^-equilateral set in C{K) satisfying for 
each f E D: < f < 1 and {minf = or maxf = 1). 

Assume without loss of generality that maxf = 1 V/ G D. We note 
that the set {/ G : ^ < minf} has cardinality at most 1. Indeed, 
assume that there are f,gGD with f g such that minf, ming > ^ . Since 
maxf = maxg = 1, assuming (as we may) that minf < ming we get that for 
each t G K: \f{t)-g{t)\ < 1-minf < \. Therefore \\f-g\\ < 1-minf < ^, 
a contradiction. 

So we may assume furthermore that minf < 5 V/ G D. Let A = 
{minf : / G D} C [0, We distinguish the following cases: 

1. 1^1 > uji. Since A is an uncountable subset of [0, 1] there is an a G A 
with < a < ^ such that for each e > the set [a — e,a + e) (1 A is 
uncountable (in fact there are uncountably many such points). Pick eo > 
such that £0 < mm(f , ^). We claim that the family Af = /~-^([0, ^]),Bf = 
f~^{[^ + £0) 1])) where minf G ^0 = (a — £o,a + £0) n ^ is linked and 
uncountable. 
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Let f,g £ D with f ^ g such that minf,ming £ Aq. Let to £ K : 
11/ - fll = \ f{to) - 9{to)\ = \. Assume that /(to) < 5(*o)- We have then 
/(to) + ^ = 9(*o) < 1, hence /(to) < | to € A/. On the other hand 
/(to) > minf > a — eo > So which implies that fi'(to) = /(to) + | > + | 
and thus to G Bg. It follows that Af D Bg 7^ and the proof is complete. 

2. We now assume that |^| < oj. Then clearly there exists Dq C D 
uncountable with minf = a y f £ Dq. 

If g = , then we have minf = < maxf = 1 V/ G Dq and so is an 
uncountable ^-equilateral set consisting of Urysohn's functions. 

If g > , then < a < ^ and it is easy to prove as in case (1) above that 
the family Aj = f~\[0, ^]),Bf = /-^([i +eo, 1]), where < eo < min{^,\) 
is uncountable and linked. The proof of the proposition is now complete. □ 

It is an open question for us if the existence of an uncountable equilateral 
set in C{K) is equivalent to the existence of an uncountable linked family 
of closed pairs in K. We also do not know if a compact non metrizable 
space K admits an uncountable linked family of closed pairs (and hence an 
uncountable 1-equilateral set consisting of Urysohn's functions) neither if 
C{K) admits at least an uncountable equilateral set. 

However we are going to show that a compact non metrizable space K 
in most cases admits an uncountable linked family of closed pairs and hence 
C{K) admits an uncountable 1-equilateral set. For this purpose we recall 
that a (Hausdorff and completely regular) topological space X is said to be: 

(i) hereditarily Lindelof (HL) if every subspace Y of X is Lindelof. It is 
well known that a space X is HL iff there is no uncountable right separated 
family in X; that is a family {t^ : a < oJi} C X such that ta ^ clx{tp '■ a < 
(3 < uji} for a < LOi and 

(ii) hereditarily separable (HS) if every subspace Y of X is separable. 
It is also well known that a space X is HS iff there is no uncountable left 
separated family in X; that is a family {to, : a < oji} <^ X such that 
ta ^ clx{ti3 : /3 < a} for 1 < a < (^1 (see [5] p. 151). 

We are going to use the following standard 

Fact. A compact space K is HL if and only if it is perfectly normal (i.e. 
each closed subset of K is Gs)- 

Theorem 4. Let K be a compact space. If K satisfies one of the follow- 
ing conditions, then K admits an uncountable linked family of closed pairs 
(and hence the Banach space C{K) has an uncountable 1-equilateral subset 
consisting of Urysohn's functions). 

1. There exists a closed subset 0, of K admitting uncountably many rela- 
tively clopen sets (in particularly 0, is non metrizable and totally dis- 
connected). 

2. K is non hereditarily Lindelof 
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3. K is non hereditarily separable. 

4- \K\ > c = 2^ (=the cardinality of continuum). 

5. K admits a Radon probability measure of uncountable type. 

Proof. (1) Sec Prop. 5. 

(2) As we already mentioned the space K admits an uncountable right 
separated family; that is a family {ta : a < uji} C K such that ta ^ = 
clxitis : a < P < LOi} for a < ui. Set = {ta} for a < coi. Then it is clear 
that the family {{Aa, Ba) ■ a < coi} is linked (since tjs G B^ for a < /3 < cji 
and Aa Ci Ba = $ ioT a < loi). 

(3) Since K is non HS there exists an uncountable left separated family 
in K and the proof is similar to that of the previous case. 

(4) If \K\ > c then K is not HL. Indeed, any compact HL space is first 
countable (each point set of K is Gs by the Fact preceding the Theorem). 
By a classical result of Archangel'skii each compact first countable space has 
cardinality < c. 

(5) We shall need the following: 

Claim . Let /i be a Radon probability atomless measure on a compact space 
K with r = dimLi{ix). Then there exists a sequence {/« : a < r} of 
measurable functions such that: 

(i) ll/alloo = 1 for a < r and 

(ii) ||/a-//3||2 = V2fora</3<r. 

Proof of the Claim: Let u be the normalized Haar measure on the com- 
pact abelian group G = {0, 1}^; then the measure algebra of v is embedded 
into the measure algebra of Hence each LP{u) is isometrically identified 
with a closed subspace oi U'{ijl), 1 <p <oo. Let {xq, : a < r} be the set of 
characters of the abelian group G, we then have: 

(a) llXalloo = 1 for a < T and 

(b) Wxa - Xph = (/g I:^" - Xi3?duY = ^/2iox a < 13 <T. 

So the desired sequence {fa : a < r} of //-measurable functions satis- 
fying (i) and (ii) are the images of the characters {xa : « < r} under the 
embedding of L°^{v) into L°°{ij^) C L'^{i-i) and the Claim holds. 

Let now r = dimLi[^) > cji. By the Claim we have the sequence 
{fa : a < r} C L°°{ij) satisfying (i) and (ii). Let e > 0; then by Lusin's 
theorem for a < r there is a continuous function ga ■ K [—1,1] such 
that II/q - ga\\2 < £■ Choose e > with < e < Let a < /3 < r, 
we then have: \\ga - g/sh > \\fa - //3II2 - (||/q - gah + II//3 - gph) > 
V2-2^ = \/2-^ = ^>l. Since the natural embedding of C{K) 

into L\^i) is so that ||/||2 = < ll/lloo, for / G G{K) we 

get that \\ga - 5/3 lU > \\9a - 5/3II2 > ^ > 1 for a < /3 < r. Since 
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{ga : a < r} C B(j^x^ is (5-separated with 5 > 1, hy Remarks 6.1 we are 
done. □ 



If K is any compact space then P{K) denotes the set of Radon probabiUty 
measures on K. Note that both of the spaces P{K) and are compact 

with the weak-* topology. 

Corollary 4. Let K he a compact Hausdorff non metrizable space. Denote 
by 0, any of the compact spaces K x K, P{K) and B(j(^x-j* . Then the Banach 
space C(J7) has an uncountable l-equilateral subset consisting of Urysohn's 
functions. 

Proof. The compact space is not HL. Indeed, 0, = K x K , then since 
K is not metrizable, its diagonal A = : x £ K} is closed but not Gs 

subset of O (by a classical result if the diagonal of a compact space K is a 
Gs subset oi K X K then K is metrizable). So by the Fact before Th.4 the 
space K X K IS not HL. 

Let 0, = P{K). We consider the continuous map ^ : K x K ^ P{^) ■ 
y) = ^Sx + ^Sy {6x is the Dirac measure at x € K). Then A = ^~^{{Sx : 
X G K}). If P{K) where HL, then by the Fact above K would be a closed Gs 
subset of P{K), therefore A would be a Gs subset oi K xK, a. contradiction. 

If f2 = Bq(^j^y then since P{K) is a weak-* closed subset of ft we get 
that is not HL. □ 

Corollary 5. Let X be a nonseparable Banach space. Denote by its closed 
dual unit ball Bx* with the weak-* topology. Then the Banach space G(fl) 
admits an uncountable l-equilateral subset consisting of Urysohn's functions. 

Proof. Using transfinite induction and Hahn-Banach Theorem we may con- 
struct for each e > two long sequences {xa : a < wi} C Bx and 
{fa '■ ca < uji} ^ (1 -|- e)Bx* satisfying f/3{xa) = for /3 > a and fa{xa) = 1 
for a < uJi (see the Fact 4.27 of [S]). It is easy to see that the sequence 
{fa ■ a < uJi} is right separated in the compact space (1 -|- e)Bx*. So the 
space (1 -|- £)Bx* is not HL and the same is valid for Bx*. Q 

In the sequel we relate the concept of a linked family of closed pairs with 
the known concept of a weakly separated subspace of some topological space 

mm)- 

A subspace Y of a topological space X is said to be weakly separated if 
there are open sets C/jy,y S y in X such that y £ Uy \/y £ Y and whenever 
2/1 , y2 are different elements of Y, then either yi ^ Uy^ or y2 ^ Uy^ . 
We note the following easily verified facts: 

(i) If y = {ta ■ a < uji} is any right (resp. left) separated family in the 
topological space X, then Y is an uncountable weakly separated subspace of 
X; we say in this case that Y is an uncountable right (resp. left) separated 
subspace of X. 
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(ii) Let Y be any weakly separated subspace of X by the family of open 
sets Uy,y G Y of X. Then the family {{{y},X \ Uy) : y e Y} is a linked 
family of closed pairs in X. 

As we shall see, linked families of closed pairs in a topological space X 
are interpreted as a special kind of weakly separated subspaces in expX, 
the hyperspace of closed nonempty subsets of X endowed with the Vietoris 
topology. If Gi, . . . , Gn are subsets of X we define < Gi, . . . , G„ >= {F £ 
expX : F C U'^^^Gk and F n Gfc / VA; = l,2,...,n}. The Vietoris 
topology on expX has the sets of the form < Gi , . . . , G„ > , where Gi, . . . , Gn 
are open subsets of X, as open base. 

We shall say that a weakly separated subspace Y of expX is separated 
by open subsets of X, if the sets Uy,y G Y of the definition above are of the 
form Uy =< Vy > , y G Y , where Vy are open subsets of X. This is equivalent 
to both, y CVy loic y & Y and if yi, y2 £ ^ with yi / 1/2 then either yi ^ Vy^ 
or 7/2 ^ Vyi ■ More exactly we have the following: 

Proposition 7. Let X be a topological space and k any cardinal. The fol- 
lowing are equivalent: 

1. X admits a linked family of closed pairs of cardinality k. 

2. expX admits a weakly separated subspace by open subsets of X of car- 
dinality K. 

Proof. (1) (2) Let {Aa, Ba)a£A be any linked family of closed pairs with 
1^1 = K. Then it is easy to see that the subspace Y = {Aa : a € A} of 
expX is separated by the family of open sets Ua =< X \ Ba > for a G A. 

(2) =^ (1) Let Y = {Aa ■ a G A} be a weakly separated subspace of 
expX so that Ua =< Va >,a £ A where Va,a G A are open subsets of X 
and 1^1 = K. Then clearly the family of closed pairs {Aa, Ba)aGAi where 
Ba = X\Va for a G ^ is linked. □ 

Remarks 7 (1) As it was shown by Todorcevic, assuming Martin's Ax- 
iom and the negation of the continuum hypothesis, if K is compact and non 
metrizable then the space G{K) admits an uncountable (bounded) biorthog- 
onal system ([l3], Th.ll). So by using Theorem 2, the space C{K) can be 
given an equivalent norm that admits an uncountable equilateral set (cf. 
also Remarks 4.2). 

(2) It is consistent with ZFC to assume that there exits a compact non 
metrizable space K having no uncountable weakly separated subspace (see 
[1]). The space K constructed there, among its many properties, is to- 
tally disconnected and hence admits an uncountable linked family of closed 
(and open) pairs. We note that the Banach space G{K) admits no wi- 
semibiorthogonal system (see [8], sec.8.1). 

(3) Let K be a compact non metrizable space. Then the hyperspace expK 
of K is not HL. Actually its closed subspace [K]^"^ = {A C K : \A\ < 2} 
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is not HL. (The proof is similar to the proof that the space (P(K),w*) is 
not HL; we consider the continuous map ^ : K x K ^ expK : ^{x,y) = 
{x,y} and note that ^{K x K) = [K]-'^). It follows that there exists an 
uncountable right separated subspace Y = {Fa : a < loi} of expK, but it is 
not clear whether Y is (or another uncountable weakly separated subspace 
of expK can be chosen so as to be) separated by open subsets of K. 
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